We study the LHC phenomenology of a general class of "Private Higgs" (PH) models, in which fermions obtain their masses from their own Higgs doublets with O(1) Yukawa couplings, and the mass hierarchy is translated into a dynamical chain of vacuum expectation values. This is accomplished by introducing a number of light gauge-singlet scalars, the "darkons," some of which could play the role of dark matter. These models allow for substantial modifications to the decays of the lightest Higgs boson, for instance through mixing with TeV-scale PH fields and light darkons: the simplest version of the model predicts the ratios of partial widths to sat-
I The Private Higgs Framework
The Large Hadron Collider (LHC) is presently running at a center-of-mass energy of 8 TeV, and by the end of this year the mechanism of electroweak symmetry breaking may finally be established. The early hints of a Standard Model (SM)-like Higgs boson with mass m h ∼ 125 GeV [1, 2] have matured into a 5σ discovery [3, 4] , but much work remains before it is established whether the Higgs sector is that of the SM or of a more elaborate theory. For instance, many models of fermion masses depend on a rich Higgs sector with many scalar resonances. If these models are correct, then finding a light Higgs may be just an initial glimpse into a rich bosonic sector at the TeV scale.
An early analysis of the LHC signals showed that they are consistent with the SM but may favor a somewhat "photon-philic" and "vector-phobic" Higgs, with an increased branching fraction into γγ and a reduced one into electroweak vectors, and an SM-like branching fraction into bb [5] . A later study also suggested deviations from the SM, again with a larger branching fraction for h → γγ, but favored a "vector-philic" and slightly "gluon-phobic" Higgs boson [6] . The apparent diphoton excess seems to persist in the most recent analyses of the post-discovery data, along with a potentially dramatic suppression of the hτ − τ + vertex [7] . Inspired by the Private Higgs (PH) framework [8, 9] we study a general class of multi-Higgs models that can naturally accommodate departures from the branching ratios of the SM, with a separate knob to tune for each vertex of the type hff .
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In the SM, the charged fermion masses arise from the Higgs doublet with vev v ∼ 246 GeV that gives mass to the W ± and Z gauge bosons. The top mass m t ∼ 173 GeV has a Yukawa coupling of O (1) , and the other charged fermion masses are accommodated by fitting the Yukawa couplings to their required empirical values. As a result, the huge ratio m t /m e ∼ 10 5 is obtained from a huge ratio of dimensionless Yukawa couplings, y t /y e ∼ 10 5 , without any insight as to why the non-top fermions might be so much lighter than the top quark.
The motivation for proposing that each fermion should obtain mass from its own "private" Higgs field was precisely to address this issue: the idea is that the observed fermion masses can be accommodated in an extension of the SM with all Yukawa couplings being O (1) . The PH framework is to introduce one Higgs doublet for each SM charged fermion: These Higgs fields are assumed to have flavor-diagonal Yukawa interactions 2 and hence, to leading order, result in a unit CKM matrix 3 . In this way, each charged SM fermion f obtains mass only from its associated "private" Higgs doublet φ f , so the SM relation m f = 1 √ 2 y SM f v,
and similarly for the second generation. For the third generation we would necessarily impose K b , but we may leave it up to the reader whether to impose a K t or a K 3 , so that the fields φ t ,t, and (t, b) may or may not transform under the flavor symmetry. These parity symmetries are broken once the scalars obtain vevs, and one can perform a phenomenological analysis [8] to understand what is required to generate a realistic CKM matrix. 3 For example, non-zero CKM angles could arise at one loop [12, 13] . A typical contribution to the downtype mass matrix M d would be of the form
, where x is a product of dimensionless couplings and possibly fermion mass ratios, µ 2 is a combination of vevs or dimension-3 couplings, and M >,< are the masses of the two heaviest particles running in the loop. If the heavy masses do not come predominantly from the Higgs mechanism, then the heavy particles generally contribute negligibly to LHC processes such as gluon-gluon fusion and can be ignored safely.
with v ≈ 246 GeV, is replaced by the PH relation
The fermion mass hierarchies are to be obtained by a hierarchy of scales in Higgs vacuum expectation values (vevs) rather than by a hierarchy in dimensionless Yukawa couplings:
These models also include SM-singlet real scalar 4 fields:
one of which may serve as a stable dark matter candidate [9, 14] depending on the particular implementation of the PH framework. The original PH model proposed N S = N f , the number of charged fermions in the SM. Here we will distinguish between two numbers: the total number of scalars, N S , and the number of "light" scalars, n S , which will mix substantially with the SM-like Higgs boson. In the spirit of generality we will study the "minimal" nontrivial 5 case n S = 1 explicitly, and make general statements about an unspecified number n S > 1 when appropriate.
One usually expects the mass of a Higgs boson to be of the order of its vev, and so a phenomenological challenge for any proposal involving SU(2) doublets with small vevs is to explain why such doublets have not yet been observed. In the PH model, the top Higgs is to be treated as special (by choosing a suitable discrete flavor symmetry), while the mass M f of each non-top 6 PH doublet φ f obeys the following scaling relation:
The m 3 in the numerator of Eq. (I.6) denotes a (flavor-dependent) parameter with dimensions of mass cubed, whose particular value is in general model-dependent but in the PH case is proportional to the vevs of the SM-singlet scalars in Eq. (I.5). This is why the model requires various TeV-scale singlets: the relation Eq. (I.6) arises from the interplay between a positive mass-squared term for the PH fields and an interaction of the generic form S x φ † t φ f =t or S x S y φ † t φ f =t , depending on the particular symmetries imposed on the Lagrangian. In particular, one may induce the negative mass-squared instability that breaks SU(2) × U(1) through the vevs of the S x fields.
The important relation Eq. (I.6) implies that Higgs doublets with small vevs (associated with light fermions) have large masses, which explains why they have not yet been observed. 7 Of course, as is usually the case in models beyond the SM, there are numerous unknown parameters in the model, and we have explored only one particular region of the theoretically available parameter space. The reader is invited to extend the idea of "privacy" to a different phenomenologically interesting regime.
To maintain generality we will not commit ourselves to a particular high-energy realization of the PH paradigm, but instead we will study the generic phenomenological features of these types of models. The simplest implementation of the top and bottom quark sector of the theory is discussed in Section II, the effective Lagrangian for Higgs physics at the LHC is discussed in Section III, and a conclusion is presented in Section VI. For the interested reader, a generalization of the Private Higgs model is discussed in Appendix A, from which all results in Sections I-III can be derived and further extended to accommodate high-energy completions of the PH framework which may differ from the original proposal.
II Top and bottom sector: a new 2HDM+S
In view of the PH scaling relation Eq. (I.6) let us assume that all Higgs doublets besides the top-Higgs (φ t ) and the bottom-Higgs (φ b ) are heavy enough to decouple 8 from all TeV-scale processes at the LHC. For simplicity, we will first specialize to the case of only one light SM-singlet scalar: n S = 1. In particular, we assume that the "bottom" scalar, S b ≡ S, mixes substantially with the light Higgs, while the other scalars are too heavy to be important.
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The more general case is discussed in Appendix A. 7 Note that Eqs. (I.3) and (I.6) predict that the hierarchy in Higgs masses is related by a square root to the hierarchy in fermion masses, so that the severe hierarchy m e /m t ∼ 10 −6 is softened to a milder relation M t /M e ∼ 10 −3 . 8 Note that, in contrast to the usual multi-Higgs models, the decoupling limit M 2 → ∞ for heavy PH fields remains well-defined within perturbation theory. This is because M 2 > 0 is a high-energy parameter that we fix as input, which in view of Eq. (I.6) induces a small vev v ∼ 1/M 2 ≪ M in the potential at low energy. In contrast, the usual double-well potential would have M 2 < 0 be a low-energy (unphysical) parameter, and the induced physical mass would be m ∼ v ∼ (−M 2 ) 1/2 . Of course, this argument is somewhat formal since in our model the PH fields must have an upper limit to their mass in order to give the correct SM fermion masses [see Eq. (II.8)]. The point is simply that the requirement is fixed by data, not by the validity of perturbation theory. 9 In the spirit of the original model, we might want to also include a light "top" scalar, S t , in addition to S b . It is possible to realize the PH framework by taking the mass-squared parameter of φ t to be negative, in which case its vev and mass are obtained essentially in the same way as in the SM. Thus we do not necessarily require a light top scalar, S t , and in the interest of generality we first study the minimal case, n S = 1, for which simple exact analytic expressions can be obtained.
The (relatively heavy) bottom Higgs has a Lagrangian of the form 10 :
where we have defined the field-dependent effective mass-squared
and the field-dependent effective source that couples to φ b :
We emphasize that, in contrast to the usual negative mass-squared term for a Higgs field, the quantity M
3) is (to leading order) the actual squared mass for the physical particles of φ b . Note that the imposition of a Z 2 parity S → −S would forbid the bare dimension-3 coupling µ, as in the original proposal [8, 9] , but promoting S to a complex scalar field and changing the Z 2 to a Z 3 could permit a term of the form Sφ t φ b in the Lagrangian [15] . For simplicity we will assume that the parameters µ and γ are real.
Let us consider energy scales E M b and perform the path integral over φ b in the Gaussian approximation [16] . Dropping terms of O(J 2 /M 4 b ), we find a leading order contribution to the effective Lagrangian for the light fields:
The main feature of Eq. (II.5) is the effective Yukawa interaction for the bottom quark:
When the light fields obtain vevs,
10 In this paper, somewhat contrary to standard notation, the symbol D µ always denotes the explicit 2-by-2 matrix
rather than the more general notation
11 We fix a gauge in which the pseudoscalar and charged components of φ t are set to zero.
the bottom quark 12 gets a mass:
The above expression for m b is the explicit realization of Eq. (I.3) for this class of PH models (and similarly for the other non-top charged fermions, with the replacement b → f ). We will refer to the physical σ field as a "darkon" (irrespective of whether it possesses the appropriate properties to constitute the dark matter of the universe). The presence of a light darkon may suppress interactions with SM particles [17, 18] or contribute nontrivially to the invisible width of the Higgs if allowed kinematically [19, 20, 21, 22] .
While the bottom quark (and the other light charged fermions) obtains mass as in Eq. (II.8), the top quark obtains a mass in the usual way:
As can be seen from Eq. (II.6), the nontrivial dependence on φ t and S in the field-dependent parameterM 2 b will induce a deviation from the SM-like Higgs vertex hbb. Putting the expansions of Eq. (II.7) into Eq. (II.6), we find, in the absence of mixing between H t and σ, the interactions:
where ∆ b is a dimensionless effective parameter whose particular form will not concern us 13 . If ) from the SM-like hbb vertex. Note that the dimensionless parameter Γ t can have either sign, so that both a larger and smaller hbb vertex can be accommodated.
In general, however, the scalar potential may induce nontrivial quadratic mixing between 12 The other non-top fermions get mass in the same way, each from its own PH field. By saying that the heavier PH fields "decouple" from all ∼ TeV-scale processes, we mean that their masses are significantly larger than a TeV. However, as shown in Eqs. (II.5) and (II.8), and more generally in Eqs. (A.12) and (A.16), their
f ) effects clearly have observable consequences for low-energy physics. The content of our assumption is that, other than inducing light fermion masses, their effects are subleading to the other effects we discuss in the present section. 13 Using Eq. (A.19) with n S = 1 and f = b, we find:
the Higgs field H t and the singlet field σ. The fields are rotated into their mass eigenstate basis by a 2-by-2 orthogonal matrix V:
, and δm 2 ≡ ∂ 2 V /∂v S ∂v t , and V is the effective scalar potential for the light fields, including the additive contribution 14 from Eq. (II.5). In this case we write H t = cos θ h + ... and σ = sin θ h + ... and find an effective hbb interaction:
Moreover, the mixing matrix of Eq. (II.13) induces a suppression of the htt vertex by a factor cos θ, as can be seen from Eq. (II.9), which affects the production cross section σ(gg → h).
In the spirit of the original model, one might also wish to include the mixing with the "top" scalar, S t = S t + σ t , leading to a 3-by-3 orthogonal matrix V which in general depends on three mixing angles, like the CKM and PMNS matrices for quarks and neutrinos, respectively. Instead of treating the general case, let us study the simplifying ansatz of a 3-by-3 orthogonal mixing matrix which also happens to be symmetric, and therefore depends on only two independent mixing angles, α and β [23, 24] . In this case, we write For the general case of n S > 1 SM-singlet scalars, the mixing matrix V is promoted to a (1 + n S )-by-(1 + n S ) orthogonal matrix, and the effective Yukawa interaction of Eq. (II.11) should be replaced by a sum over darkon species:
[See Eqs. (A.14) and (A.18).]
Having derived the hbb vertex, we are now in a position to discuss the effective Lagrangian for Higgs phenomenology at the LHC.
14 In view of Eq. (II.5), the off-diagonal part is at least of order ∼ (
which may or may not be negligible depending on the region of parameter space of interest.
III Effective Lagrangian for Higgs physics
Let µ(i) denote the inclusive rate for Higgs production times the branching fraction into the final state i, normalized by the corresponding quantity in the SM:
The present experimental values for i = {γγ, V V, τ − τ + , bb} are [7] :
To compare our model to data, we need to compute the low-energy effective Lagrangian, the pertinent part of which can be expressed 15 in the convenient form [6] L eff = c W 2m
(III.3) In the PH model, the only spin-0 fields charged under SU(2) transform as doublets, just as in the SM, so the hW W and hZZ interactions are modified by a common factor:
The For a light Higgs boson with mass m h < 2m W , the decay into bb dominates the width into SM particles. From Eq. (II.14) we find the effective coefficient:
In Eq. (III.5) we have generalized the situation of Section II to accommodate n S > 1 light darkons, with a (1 + n S )-by-(1 + n S ) orthogonal mixing matrix V that diagonalizes the masssquared matrix of the CP-even spin-0 states (H t , σ 1 , ..., σ n S ). The hGG vertex arises primarily through the 1-loop exchange of a top quark, which is proportional to the htt vertex. 16 From Eq. (II.9) we see that the only deviation from the SM process arises through the Higgs-darkon 15 The general expression arises from Eqs. (A.11)-(A.13). 16 As a reference, the SM Higgs branching fractions for m h = 125 GeV are [6, 25] :
and the total width is Γ(h → all) ≈ 4.0 MeV. Many thorough reviews of Higgs phenomenology can be found in the literature [26, 27, 28] .
mixing
If the production cross section is not changed substantially [we will return to this point later, see e.g. Eqs. (II.9), (II.13), and (IV.2)], then the physical quantity which enters in the calculation of the µ(i) is the branching fraction into mode i normalized by the corresponding SM value:
Eq. (III.5) suggests that we might attempt to increase the branching fraction into two photons by suppressing the hbb vertex. The general expression for the Higgs branching fraction into two photons normalized by the SM value is:
where we have defined SM , where the prime on the sum means i = bb, γγ. The quantity B X ≡ n S x = 1 B(h → χ x χ x ) measures the branching fraction of the Higgs into light darkons. As a simple illustrative example, consider the case B X = 0 and ξ = 0, in which case ρ(γγ) ≈ 1 + 252 η. Thus even a small suppression η ∼ 10 −3 − 10 −2 of the branching fraction into bb can increase the signal for h → γγ to the value observed by the LHC, which makes sense intuitively because the SM branching fraction for h → γγ is so small:
Of course, we must examine critically whether ξ = 0, η = 0 is realistic, and whether the production cross section remains unchanged from the SM value. We return to this point in Sections IV and V. An alternative possibility is that B X ≈ B(h → γγ) SM , in which case ρ(γγ) ≈ 252 η + 183 ξ is determined purely by η and ξ. One might also consider (as a fine-tuned example) the case B X = 0 with Γ h = Γ SM h [i.e., tuning 
However, this case requires that the darkons be light while having essentially no mixing with the SM-like Higgs: this implies that these n S darkons must be extremely light, with masses m χ ≪ m h ∼ 10 2 GeV.
The apparent suppression in B(h → τ − τ + ) can be explained straightforwardly by the analog of Eq. (III.5) with the replacement b → τ . With a relatively light φ τ of mass M τ ∼ 2v t ∼ 500 GeV and a large positive coupling Γ tτ ∼ √ 4π , we obtain (in the absence of mixing with darkons) c τ ∼ 1 − Γ tτ (v t /M τ ) 2 ∼ 10%. Of course, given the lack of a theoretical principle that determines the sign of Γ tτ , this interaction could also accommodate an enhancement in the rate. As the scale of the PH mass is pushed higher, it becomes increasingly difficult to achieve this suppression (or enhancement) with a perturbative coupling constant and a trivial Higgs-darkon mixing matrix V. The phenomenology due to a vast dark sector is potentially extremely rich and could obscure searches for heavy PH bosons.
IV Higgs decays into spin-1 particles
In addition to the potential modification to h → γγ due to Eqs. (III.7) and (III.8), one should study the effective coefficient c γ as defined by Eq. (III.3) . The hγγ vertex arises through the competition between the 1-loop diagrams with the W boson running in the loop and the 1-loop diagram with the top quark running in the loop (the top loop is also the dominant contribution to the amplitude for gluon-gluon fusion) [26] . It is of critical importance to note that the two contributions enter with opposite signs, and that the W contribution dominates. We will return to this point in Section V. The vertices involving W bosons arise from the kinetic term |Dφ t | 2 . The interactions contained in this term are modified relative to the SM only by the mixing of the Higgs with the darkons, or in other words only by a factor of the mixing matrix V. Thus the leading deviation of the hV V vertex from the SM contains exactly the same factor as the deviation from the htt vertex.
In principle there is also a nontrivial contribution due to the lightest charged Higgs boson, φ ± b . The sign of the coupling Γ t in Eq. (II.3) is not fixed a priori, so it is possible for the charged Higgs contribution in our model to add either to the dominant contribution from the W and thereby enhance the rate, or to the sub-dominant contribution from the top and thereby decrease the rate [29] . However, even for a relatively light bottom-Higgs, this contribution is at most an O(1%) effect 17 and is therefore negligible. Thus in our model the effective coefficients modifying hW W, hGG, and hγγ are related to those of the SM by a common factor:
For the case n S = 1, this is simply the factor cos θ from Eq. (II.13). In general, provided the darkon masses are close enough to the Higgs mass, the element V th can be decreased significantly from unity, which would suppress Higgs production from gluon-gluon fusion as well as the partial widths Γ(h → V V ) and Γ(h → γγ). The value µ(V V ) ≈ 1 is compatible with Eq. (IV.1) and constrains the Higgs-darkon mixing angles in V th as a function of the total width Γ h of the Higgs.
At this point we are invited to examine critically the possibility of increasing B(h → γγ) by suppressing B(h → bb), i.e. Eq. (III.8). Firstly, we see that since the production cross section is dominated by gluon-gluon fusion, Eq. (IV.1) tells us that the production cross section is in general suppressed:
17 Denoting the contribution from a spin-0 charged particle φ whose mass arises predominantly from the Higgs mechanism by the standard notation A 0 (τ φ ) (see, e.g., Eq. (2.9) in ref. [28] ), we may compute the contribution from our PH field φ
where we have used A 0 (0) = 1 3 . Thus, comparing to the W contribution A 1 (τ W ) ∼ −10, we find
So even for a relatively light PH, e.g. M b ∼ 3v, and a large coupling Γ t ∼ 4π ∼ 10, the charged Higgs contribution is only ∼ 1% of the W contribution.
This tells us that the ratios µ(i) are extremely sensitive to the mixing angles in V th , e.g. V th = cos θ for n S = 1. In particular, for the decay into V = W, Z we find:
The relation µ(V V ) ≈ 1 can be satisfied if the width is modified according to Γ h ≈ V 4 th Γ SM h . In view of Eq. (IV.1), in the simplest PH model the ratio µ(γγ) is equal to µ(V V ), which is not what we want if we take seriously the indication that µ(γγ) ∼ 2 while µ(V V ) ∼ 1. We will see in Section V that in the extended PH model we can parametrize the ratio µ(γγ) in the form
with some parameter ∆, which could be O(1).
To gain intuition for the effect of Higgs-darkon mixing on the Higgs interaction with fermions relative to its interactions with electroweak vectors, consider the case for which there are n S ≥ 1 light darkons whose mixing angles and parameters are all independent of darkon flavor. Then the orthogonality relation V 
where we have defined c
to be independent of darkon flavor. The arrow in Eq. (IV.5) corresponds to taking c V → 0 while keeping the number of light darkon species n S fixed.
V Charged scalars and h → γγ
It was shown that the Private Higgs framework can be extended to include SU(3) × SU(2) singlet complex scalar fields H + with unit electric charge, whose interactions with the Higgs doublets break lepton number by two units and thereby generate nonzero Majorana neutrino masses at one loop [9, 30] . Being charged but colorless, these fields contribute to the Higgs decay into two photons without affecting the Higgs production rate via gg → h. The decay rate for h → γγ contribution can be written as [28] :
where
, A t,W are the standard functions resulting from the top and W , respectively, and
is If the "top Higgs portal" interaction is given explicitly by L = −κφ † t φ t H + H − , with κ a dimensionless coupling, then δ γγ = 3 32
2 V th . Therefore, one finds that for a negative and relatively large (but perturbative) coupling κ ∼ − √ 4π ∼ −3.5 and negligible darkon mixing (V th ∼ 1), one can cancel out the contribution of the top with N H + ∼ 10 charged scalars having masses M H + ∼ 2v ∼ 500 GeV. In this case, one finds Γ γγ /Γ SM γγ ∼ 1.2, a value ∼ 20% larger than predicted by the SM but still smaller than the value µ(γγ) ∼ 2.0 indicated by the data. However, this effect coupled with a reduction in the hbb vertex, as discussed previously, can provide an explanation for the diphoton excess should the value µ(γγ) ≈ 2 turn out to be robust.
Alternatively, one is invited to go beyond the original proposal by including SU(3) × SU(2) singlet scalars with a relatively large electric charge, |Q| ≫ 1, or by including a relatively large number of |Q| = 1 scalars. This latter possibility may arise naturally if the new fields transform as a multiplet under a "dark" non-abelian gauge group.
VI Discussion
We have studied a general class of multi-Higgs models in which each SM fermion obtains its mass m f only from an associated "private" Higgs doublet whose vev satisfies v f ∼ m f and whose mass scales as M f ∼ m −1/2 f . Motivated by the discovery of a 125 GeV particle which is presumably an SM-like Higgs boson with potentially modified rates into SM final states, we have integrated out all non-top Higgs fields and studied the effective field theory at low energies.
Perhaps surprisingly, the LHC phenomenology for this class of models can be generally similar to that of the SM. The main distinctions are small deviations from the SM-like hff vertex ∼ m f /v, and a possible overall suppression of Higgs decays due to the presence of light SM-singlet "darkons" which mix with the Higgs. In relation to the SM, this class of models favors: • Γ(h → ff ) PH ∼ Γ(h → ff ) SM for f = t, where the rate is generally comparable to the SM but may receive O(1) corrections due to the rich structure in the Higgs potential [see Eq. (III.5)]. In particular, the hints of a strongly suppressed hτ − τ + vertex can arise from a relatively light PH for the τ .
• Γ(h → γγ) PH ≤ Γ(h → γγ) SM in the basic PH model, where the rate is essentially proportional to the partial width Γ(h → V V * ) [see Eqs. (II.9) and (IV.1)]. In a simple extension of the PH model motivated by the prospect of radiative Majorana neutrino masses, the so-called "Zee bosons" H + may increase Γ(h → γγ) without affecting the production cross section σ(gg → h).
Here we quote the partial widths because they follow directly from the effective Lagrangian of Section III. To deduce the implications for the LHC, we have discussed in the main text the branching fractions B(h → X) = Γ(h → X)/Γ(h → all). A reduction in Γ(h → bb) will reduce the total width Γ h ≡ Γ(h → all) and thereby increase the branching fraction into V V * and γγ. For example:
As noted, a decrease in Γ h due to a suppression of the hbb vertex can be compensated by allowing for a nonzero invisible width into darkons. Thus it is possible to have Γ 
where we have defined
In principle γ h can take any value, but to fit the values µ(γγ) ∼ 2, µ(V V ) ∼ 1, µ(bb) 1, and µ(τ − τ + ) ≪ 1 we take γ h 1. In more detail, if the Higgs decays only into SM final states, then we take γ h ≪ 1 by suppressing G(h → bb), and if we allow a nontrivial invisible width into light darkons, then we increase the value of γ h up to 1.
We see that the issues of principal importance for distinguishing Private Higgs models from the SM or other multi-Higgs extensions using only sub-TeV observables are a precise measurement of the hff vertex for f = b, τ and the interplay between collider measurements of the hW W vertex and dark matter experiments that constrain the presence of light spin-0 SM-singlet scalars. It is also of critical importance to confirm or falsify the diphoton excess, which would have implications for the mechanism of neutrino mass generation in our model, although here we have explored only one possibility for breaking lepton number appropriately.
As the energy of the LHC is increased to its original design of √ s = 14 TeV, it may become necessary to include the lightest "heavy" Higgs bosons in the model, namely those arising from the bottom and tau sectors, φ b and φ τ , as fully propagating degrees of freedom. In this case the phenomenology becomes extremely rich, not only due to the presence of heavy CP-even Higgs bosons but also due to the presence of the physical pseudoscalars A b , A τ and charged Higgs fields ϕ
The discovery or exclusion of new heavy spin-0 degrees of freedom at higher energies will help establish whether the Private Higgs framework plays any role in the generation of fermion masses.
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A General multi-Higgs model with SM singlet scalars
This appendix is devoted to a generalization of the Private Higgs models and a derivation of the results of the main text, which should be useful for future work.
) denote a collection of SU(2) × U(1) Higgs doublets, and S ∼ (1, 0) a collection of SM-singlet real 18 scalars, which we split into "heavy" and "light" fields as follows:
The positive M 2 for the heavy Higgs fields implies that we can integrate them out and leave behind a low-energy effective theory [16] involving only the fields φ a and S x . We make no a priori assumption about the signs of the mass-squared terms for the n light Higgs fields or the N S scalars. In the original model [8] the choice was made to induce electroweak symmetry breaking purely from mass-squared instabilities for the S x fields, but in general this is not necessary. Here we will take all SM-singlet scalars to be light enough to mix substantially with the light Higgs bosons, and so in this appendix we take n S = N S , using the notation introduced below Eq. (I.5).
We begin with the kinetic, "mass," and "source" terms for the heavy Higgs doublets:
Here we have defined the field-dependent effective mass-squared,
18 If need be, the real scalars can be packaged into a collection of 1 2 n S complex scalars, e.g. for n S = 2k:
(S x + iS x+k ). For simplicity we will assume that all S x are even under parity.
and the field-dependent SU(2)-doublet source,
It will be convenient to define the field-dependent cubic couplinĝ
The most general form for the Yukawa current for the SM fermions is
where I = 1, 2, 3 and I ′ = 1, 2, 3 label the fermion family.
For energy scales E ≪ min({M 19 The inverse derivative is to be understood perturbatively: In these equations we have dropped all covariant derivatives except for the O(D † D) contribution to the kinetic term, which in principle will induce a wavefunction renormalization for the light fields. In general, this "Z-factor" will be a non-diagonal matrix in the (n + n S )-dimensional flavor space of light neutral bosons. Moreover, the mass-squared matrix for the CP-even sector will be a non-diagonal (n + n S )-by-(n + n S ) real symmetric matrix. Diagonalization will result in the following generalization of Eq. (II.13):
where V is now an orthogonal (n+n S )-by-(n+n S ) matrix. The labeling of the mass eigenstates in Eq. (A.14) is meant to indicate that the lightest "mostly Higgs" field is the SM-like Higgs boson h, and the heavier "mostly Higgs" (CP-even) fields are H 1 , ..., H n−1 . The "mostly singlet" fields are χ 1 , ..., χ n S , organized by the relative sizes of their masses. However, no assumption is made about the masses of the h and H fields relative to the masses of the darkon fields: any number of the darkons could in principle be lighter than m h ∼ 125 GeV.
In this more general case, the Higgs-darkon decoupling limit corresponds to V → V H 0 0 V S (Higgs-darkon decoupling limit) (A.15) where V H is an n-by-n orthogonal matrix and V S is an n S -by-n S orthogonal matrix.
The particular example we take in Section III is A = d, s, b; u, c; e, µ, τ (and N = 8) and Y μ
